open subset is of second category [2] or, equivalently, if the intersection of countably many dense open subsets of X is dense in X. Locally compact Hausdorff spaces and completely metrizable spaces are the classical examples of Baire spaces.
In [10] Oxtoby introduced the notion of a pseudo-complete space (see §2 for precise definitions). Pseudo-complete spaces are Baire spaces and the classical examples of Baire spaces are pseudo-complete. Also, Cech-complete spaces (i.e , G δ -subsets of compact Hausdorff spaces [3] ) as well as subcompact spaces [6] belong-to the class of pseudocomplete spaces.
Pseudo-completeness has nice invariance properties. In particular, the topological product of any family of pseudo-complete spaces is pseudo-complete. Thus such a product is a Baire space.
In dealing with pseudo-completeness, assumptions about the usual separation axioms are irrelevant. However, it is often convenient to consider spaces which are quasi-regular, i.e., every nonempty open set contains the closure of some nonempty open set (cf. [10] ).
Oxtoby [10] has also given an example of a completely regular Baire space whose square is not a Baire space, thus showing that a product theorem for Baire spaces cannot be obtained without some additional condition on (at least one of) the factors.
The main result of our paper is that the product of a quasi-regular Baire space and a pseudo-complete space is a Baire space. The techniques employed here, especially those in §4, are quite different from the usual category type techniques. This paper is organized as follows. In §2 we discuss some new results on pseudo-completeness and its relation to some other completeness concepts. In §3 the notion of an A-embedded subset is introduced. It is shown that the property of being an A-embedded subset of a Baire space Z is in a sense complementary to that of being a subset (of Z) which is a Baire space. Finally, in §4 the product theorem is proved. We adopt the following notational convention: given a sequence S u S 8 , of subsets of a set X we write Π {#*} instead of Π {S n \ n = 1,2,3,...}.
2* Pseudo-complete spaces* In this section all spaces are assumed to be quasi-regular (see §1).
2.1. We begin with a brief review of results about pseudocompleteness from [10] . In view of (a) the classical examples of Baire spaces as well as Cech-complete spaces are pseudo-complete. The pseudo-completeness of a subcompact space easily follows from the definitions (if X is subcompact relative to the base ^, let 2.2. We now mention without proofs some simple facts about pseudo-completeness which are not in [10] . (a)) and yet contains the usual space of rational numbers as a closed subspaee.
Observe that the proposition above remains valid if "pseudo-complete space" is replaced by "Baire space". The following corollaries hold for any property of topological spaces for which the corresponding propositions (a), (b), and (c) hold. COROLLARY Proof. The proof uses standard techniques; we present only an outline. The main difference between our construction and the standard ones is that we do not identify points of X with (open) ultrafilters (since this would require separation axioms of X). Let ^~ denote the topology of X. Let Δ denote the collection of all subfamilies of J7~ which have the finite intersection property and are maximal with respect to this property. Let Ω = {ζ\ζ eΔ and f\ {d z F\Feξ} = Φ), the free elements of Δ. Let X = X (J Ω (observe that the union is disjoint).
For each Ue^~ let ϋ= U\J{ζ\ξeΩ sniά^Ueξ}. X is endowed with the topology for which {UlUe^} = ^ serves as a base. It is easily verified that any collection of open sets of X having the finite intersection property has nonempty adherence in X. From ς\j(U) -U U cl x Uit follows that X is quasi-regular (since X is assumed to be quasi-regular). By letting ^(n) = ^ for n ^ 1, X is shown to be pseudo-complete. In case X is Hausdorff, X is a Hausdorff-closed extension of X (cf. [7] ). Proof. Let {^(n)} be a sequence of pseudo-bases for X with respect to which X is pseudo-complete. Inductively choose collections
As is well-known, the open continuous image of a
Suppose Cr Λ G 2^(W) for % ^ 1 and G n ZD G n+ί . Because the collection &(n) is disjoint, it follows from (a) and (c) that there are unique members P n and P n+1 of &*'(n) and &'(n + 1) respectively having f(P n ) = G n and f(P n+1 ) = G n+1 . According to (d) we have P n z> cl* P n+1 . Therefore, f\ {P*} Φ Φ-For any x e f| {P*}, /(») € Π {Gn} In view of (b) {f(x)} = Π {G»}. For each n let T7 W -\J gf (n), and let Z = Γl {W } From the preceding observation it follows that Z is a dense subset of Γ. By virtue of (b), the collection & = {GΠ Z\Ge&(ri),n = 1, 2, •••} is a base for Z consisting of relatively closed and open sets. The completeness of Z is easily proved (cf. [1] , [4] , [6] ).
COROLLARY. A metrizable space Y is pseudo-complete if and only if Y contains a dense completely metrizable subspace (which may be taken to be zero-dimensional).
Proof. The "only if" part follows from the preceding theorem by taking X = Y. The "if" part follows from 2.1 Theorem (a) and 2.2 Proposition (a).
REMARK. F. G. Slaughter, Jr. pointed out to the authors that in the proofs of the theorem and corollary above it suffices to assume that Y is quasi-regular and developable (instead of metrizable). Thus we have: a pseudo-complete Moore space contains a dense completely metrizable subspace.
The corollary above may be applied to show that pseudo-completeness and the property of being a Baire space are not equivalent, even We next present an example which shows that the notion of pseudo-completeness is much more general than that of being almost Cech-complete.
EXAMPLE.
There is a completely regular, pseudo-complete space X such that each Cech-complete subspace C of X is nowhere dense (i.e., int x d x C = φ).
Let Z -R c = Π{R γ \7eΓ}, the continuous product of real lines. Any nonempty G δ -subset of Z has exp c points 2 and there are exp c nonempty G a -subsets of Z. We shall show that there is a subset X of Z such that neither X nor Z\X contains any nonempty (? 3 -subset of Z and that X has the above mentioned properties.
The construction of the set X is very similar to that of a totally imperfect subset of a separable, metrizable, and dense-in-itself space as given in [8] . Well-order the collection of all nonempty G 0 -subsets of Z as {Ha I oc < η) where η is the first ordinal having cardinality exp c. Using transfinite induction pick two distinct points x a and y a from each H a , taking care that at each step only points are picked In order to prove that X is pseudo-complete, suppose P n e .^ (so P n f)Xe &*(n)) and cl x (P n+ι nl)cP w nI Then Π {Xn PJ = n {ciχ (xn P.)} = zn(Π {ciΛ}). Now, Π {dz PJ is nonempty because of the boundedness condition imposed on the basic open sets. Moreover, this intersection is a G r subset of Z. Hence its intersection with X is nonempty. Thus X is pseudo-complete.
If D is a Cech-complete space which is dense in some open set
3* A-embedded subsets* We shall now define the concept of an A-embedded subset, which plays a vital role in the proof of the Product Theorem.
3.1. DEFINITION. Let X be a subset of a space Z. Then X is said to be A-embedded in Z if each (? δ -subset H of Z which is contained in X is nowhere dense in X (i.e., int x cl x iϊ= φ). EXAMPLE 1. The set Q of the rational numbers is A-embedded in the real line R.
To prove this we first observe that in a countable TΊ-space which is a Baire space, each open set has isolated points (since the complement of a non-isolated point is a dense open set). Now, let H be a G<5-subset of R. If Ha Q, then H is countable, so that H cannot be dense in any interval. It follows that H is nowhere dense in Q. Using the concept of A-embedded subsets, we are able to recognize subsets of Baire spaces which, in their relative topology, are Baire spaces.
THEOREM. Let X be a dense subspace of a Baire space Z. (a) If Z\X is A-embedded in Z, then X is a Baire space.

PSEUDO-COMPLETENESS AND THE PRODUCT OF BAIRE SPACES
(b) If Z\X is dense in Z, then X is a Baire space if and only if Z\X is A-embedded in Z.
Proof. To prove (a), observe that if X is not a Baire space, then there is a sequence HD G 1 (c) for each VeT*(n) there is a member P(V, n)e^(n) having Vx P(V 9 n)aG n ; (d) if V n+1 6 T(n + 1) and if V n is the unique member of T(n) containing V n+1 , then cl F (P(V n+1 , n + 1)) c P (V n , ri) .
Let E = Π {W^} Since X is a Baire space, E is dense in X. To show that E(zπ x (D), let α;e£ r . Then there is a (unique) sequence {FJ such that V n eT(n) and α?6 F w Necessarily V n+1 aV n so that cl Γ (P (7 w+1 , n + 1)) c P(F % , w). Therefore, fl {P( V , w)} Φ φ and for any y e Π {-P(F % , %)}, (#, ?/) e G % for each n so that (#, y) 6 Zλ Hence α; e V) is a dense G δ -subset of U x V, the product of the Baire space U with the pseudo-complete space V. According to the projection lemma, π^D Π (U x V)) contains a G δ -subset E of U which is dense in U. Then E is a G δ -subset of X. Furthermore, E'c π%(D) c X f which is impossible because X' is known to be A-embedded in X.
It follows that X' x Y is A-embedded in 1 x 7 so that X x Y is a Baire space. Cech-complete or (locally) subcompact, then X xY is a Baire space.
COROLLARY.
If X is a quasi-regular Baire space and if the space Y is (locally) compact Hausdorff or (locally)
REMARK, In the Product Theorem the pseudo-completeness of Y is by no means a necessary condition for X x Y to be a Baire space. Oxtoby [10] has proved that if Y is any Baire space having a (locally) countable pseudo-base, then XxΓisa Baire space for any Baire space X. This result of Oxtoby and our product theorem overlap, but neither includes the other: (Cf. the examples in 2.4 and 2.6 of which the latter has no (locally) countable pseudo-base. Indeed there are compact Hausdorff spaces having no locally countable pseudo-base.) Furthermore, as has already been mentioned in the Introduction, the techniques employed in the proofs are totally different.
